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Abstract 

In this paper some fundamental relationships of a F-semigroup and its operator 
semigroups in terms of intuitionistic fuzzy subsets, intuitionistic fuzzy ideals, in- 
tuitionistic fuzzy prime(semiprime) ideals, intuitionistic fuzzy ideal extensions are 
obtained. These are then used to obtain some important characterization theorems 
of F-semigroups in terms of intuitionistic fuzzy subsets so as to highlight the role 
of operator semigroups in the study of F-semigroups in terms of intuitionistic fuzzy 
subsets. 
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1 Introduction 

This is a continuation of our paper on Atanassov's Intutionistic Fuzzy Ideals of T- 
semigroupsfT] wherein we have investigated properties of Atanassov's intutionistic fuzzy 
(prime, semiprime) ideals and intutionistic fuzzy ideal extension and obtained charac- 
terization of regular T-semigroup and of prime ideals of T-semigroups. 

Dutta and Adhikari[2] have found operator semigroups of a T-semigroup to be a 
very effective tool in studying T-semigroups. The principal objective of this paper is to 
investigate as to whether the concept of operator semigroups can be made to work in 
the study of T-semigroups in terms of intuitionistic fuzzy subsets. In order to do this we 
deduce some fundamental relationships of a T-semigroup and its operator semigroups 
in terms of intuitionistic fuzzy subsets, intuitionistic fuzzy ideals, intuitionistic fuzzy 
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prime(semiprime) ideals and intuitionistic fuzzy ideal extension. We then use these 
relationships to obtain some characterization theorems thereby establishing the effec- 
tiveness of operator semigroups in the study of F-semigroups in terms of intuitionistic 
fuzzy subsets. 

For preliminaries we refer to [7]. 

2 Main Results 

Many results of semigroups could be extended to F-semigroups directly and via operator 
semigroups [1] (left, right) of a F-semigroup. In this section in order to make operator 
semigroups of a F-semigroup work in the context of IF^ as it worked in the study 
of F-semigroups[Il [2], we obtain various relationships between IFI{S) and that of its 
operator semigroups. Here, among other results we obtain an inclusion preserving 
bijection between the set of all IFI{S) and that of its operator semigroups. Among 
other applications of this bijection we apply it to give new proofs of its ideal analogue 
obtained in [2] by Dutta and Adhikari. 

Definition 2.1. [2] Let S be a F-semigroup. Let us define a relation on S x F as 
follows :{x, a)p{y, /3) if and only if xas = yj3s for all s G S and 7x0 = 7y/3 for all 7 € F. 
Then p is an equivalence relation. Let [x, a] denote the equivalence class containing 
(x,a). Let L = {[x,a\ : x G S,a G F}. Then L is a semigroup with respect to the 
multiplication defined by [x,Q][y,/3] = [xay,/3]. This semigroup L is called the left 
operator semigroup of the F-semigroup S. Dually the right operator semigroup R of 
F-semigroup S is defined where the multiplication is defined by [a, a][/3,6] = [aa/3,b]. 

If there exists an element [e, 5] G -^^([7, /] G R) such that e5s = s(resp. S7/ = s) for 
all s E /S then [e,(5](resp. [7,/]) is called the left(resp. right) unity of S. 

Definition 2.2. For an IFS{R), A = {pA, ^a) we define an IFS{S), A* = {pA, z^a)* = 
(/u^,^'^) by /^^(a) = inf ^^([t,^]) and z^^(a) = sup z^yi([7, a]), where a £ S. For 

an IFS{S), B = {pb-,vb) we define an IFS{R), B* = {pb,vb)* = {p*b^^b) 
fj,*^{[a,a]) = inf psisaa) and z^^([Q,a]) = sup lysisaa), where [a, a] € R. For an 

IFS{L), C = {pc^c) we define an IFS{S), C+ = (/Uc,i^c)^ = ip-c^'^c) ^c(a) = 
inf /ic'([a,7]) and i^^{a) = sup z^c'([a,7]), where a G S. For an IFS{S), D = {fi£),V£,) 

we define an IFS{L), = {po, ^^d)^ = (/"n ) n ) by pt) ([a, a]) = inf p£,{aas) and 

sG5 

z^^ ([o, «]) = sup i^D(aas) where [a, a] G L. 

ses 

Now we recall the following propositions from [2] which were proved therein for one 
sided ideals. But the results can be proved to be true for two sided ideals. 



IFS, IFS{L), IFS{R), IFS{S),IFI{S) respectively denote intuitionistic fuzzy subset(s), intuition- 
istic fuzzy subset(s) of L, intuitionistic fuzzy subset(s) of R, intuitionistic fuzzy subset(s) of S, intu- 
itionistic fuzzy ideal(s) of 5'. 
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Proposition 2.3. [2] Let S be a T-semigroup with unities and R he its right operator 
semigroup. If P is a LI{R){I{R) j then P* is a LI{S){I{S)). 

Proposition 2.4. Let S be a T-semigroup with unities and R be its right operator 
semigroup. If Q is a LI{S){I{S)) then Q* is a LI{R){I{R)). 

For convenience of the readers, we may note that for a F-semigroup S and its left, 
right operator semigroups L,R respectively four mappings namely ()+, ()+ ,()*,()* 
occur. They are defined as follows: For I C R, I* = {s £ S,[a,s] £ IMa G F}; for 

P c S,P* = {[a,x] eR:saxe PVs G S}; for J C L,J+ = {s £ S, [s,a] £ JVa £ F}; 
for Q C S, Q+' = {[x,a]£L: xas £ QVs £ S}. 

Proposition 2.5. Let A = {fiA,J^A) be an IFS{R), then [U{iJ.A;t)]* = U{{fiA)*;t) and 
[L{i'A',t)]* = L{{h'A)*',t) for all t £ [0, 1], provided the sets are non-empty. 

Proof Let m £ S. Then m £ [U{fiA;t)]* <^ [7,m] £ U{^A;t)'^l G F <^ ^a([7,"i]) > 
t V7 G F <4> inf ^a([7,"i]) > t <^ (^a)*("i) > t ^ m £ U({pA)*;t). Again let n £ S. 

Then n G [L{uA;t)]* <4> ['j,n] £ L{uA;t)yj G F <4> UA{[j,n]) < t V7 G F -^^^ sup 

i^A{b,n]) < t {j^AYin) <t^n£ L{{uA)*;t). Hence [U{fiA;t)]* = U{{nA)*;t) and 
[L{uA;t)]* = L{{iyAr;t). 

□ 

Proposition 2.6. Let B = {^13,1^3) be an IFS{S). Then [U{nB;t)]*' = U{{fiBy';t) 
and [L(i/B;t)]* = L{{i>b)* '-.t) for all t £ [0,1], provided the sets under consideration 
are non-empty. 

Proof. Let [a, x\ £ R and t is as mentioned in the statement. Then [a, x] £ *)]* 
max C U{fiB',t) Vm £ S ^ fiBi'mctx) > t\/m £ S ^ inf fj.B{max) > t <^ 

(/^b)* > t ■<4> [a,x] G U{{ij.b)* ',t). Again let [13, y] £ R and t is as mentioned 

in the statement. Then G [L{i'B',t)]* 44> nf3y C L{uB;t) Vn G 44> UBin/^y) < 

t\fn £ S ^ sup VB{nPy) < t <^ (ub)*' {[(3,y]) < t ^ G L{{ub)*' ■,t). Hence 

[U{fiB;t)]*' = C/((/UB)*';t) and [L{uB;t)]*' = L({uBr';t). 

□ 

In what follows S denotes a F-semigroup with unities[2], L, R be its left and right 
operator semigroups respectively. 

Proposition 2.7. If A = {iia,t^a) G IFI{R){IFLI{R)), then A* = (/iA,z^A)* = 
{fi%VA) e I FI{S) {respectively IFLI{S)). 

LI{R),LI{S),I{R),I{S),IFLI{R)JFLI{S),IFI{R),IFI{S) respectively denote left ideal(s) of 
R, left ideal(s) of S, ideal(s) of R, ideal(s) of S, intuitionistic fuzzy left ideal(s) of R, intuitionistic fuzzy 
left ideal(s) of S, intuitionistic fuzzy ideal(s) of R, intuitionistic fuzzy ideal(s) of S, 
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Proof. Suppose A = {fiA,i^A) G IFI{R). Then U{fiA',t) and L{uA','t) are I{R), G 
[0,1]. Hence [U{nA;t)]* and [L(z^A;t)]* are /(S), Vt € [0, l](c/. Proposition 2.3). Now 
since A = {^a-iI^a) is an IFI{R), A = {(iajI'a) is a non-empty IFS{R). Hence 
for some [a,m] G R, < fiAi[<^,n^]) + i^Ali",™-]) — 1- Then U{fiA',t) / 4' and 
L{vA'-,t) 7^ where t := ^^([0;,™-]) = 'ti]). So by the same argument applied 

above [U{nA]t)]* / </> and [L(z^A;i)]* / 0- Let u G [[/(/^a; Then [/3,ii] G U{fiA;t) 
for ah /3 G r. Hence ^A([/3,^i]) > i. This imphes that mf fj.A{[P,u]) > t, i.e., 

{ha)*{u) > t. Hence u G U({fj.A)*;t). Hence U{{fiA)*',i) / 0- By similar argu- 
ment we can show that L{{i'A)*]t) 7^ Consequently, [U{nA',t)]* = U{{nA)*]t) and 
[L(z/A;i)]* = L{{i'A)*]t){cf. Proposition 2.5). It follows that U{{nA)*]t) and L((z/A)*;t) 
are /(S") for ah t G [0, 1]. Hence A* = {iia,va)* = (.I^%^a) is an IFI{S){cf. Theorem 
3. 10 [7]). Similarly we can prove the other case also. □ 

In a similar fashion by using Propositions 2.4, 2.6 and Theorems 3.9[7], 3.10[7] we 
deduce the following proposition. 

Proposition 2.8. If B = ipB,i'B) G IFI{S){IFLI{S)), then B* = (/iB,!/^)*' = 
{lJi*B,yi) G IFI{R){respectively IFLI{R)). 

Remark 1. The left operator analogues of Propositions 2.3-2.8. are also true. 
In view of Remark 1, we deduce the following theorem. 

Theorem 2.9. Let S he a T-semigroup with unities and L be its left operator semigroup. 
Then there exists an inclusion preserving bijection A >—?■ between the set of all 
IFI{S){IFRI{S)i and set of all IFI{L){resp. IFRI{L)), where A = (//A; ^^a) is an 
IFI{S){resp. IFRI{S)). 

Proof. Let A = {fiA,i^A) € IFI{S){IFRI{S)) and x £ S. Then 

inf^A ([^'TD = inf [inf/iA(x7s)] > fiAix). 
7er ler^^s 



supiy^ {[x,^]) = sup[supz^A(a;7'S)] < i^a(x). 

Hence A C (yl+ )+. Let [7, /] be the right unity of S. Then X7/ = x for all x G S". 
Then 

/xa(x) = HAixjf) > inf [inf//A(xas)] = inf^J^ i[x,a]) = ) + (x). 

Again 

I'Aix) = VA{x'^f) < sup[supi^A(a^a'S)] = supz^^ ([x,a]) = {v\ )^{x). 
aer s&s aer 

IFRI{L),IFRI{S) respectively denote intuitionistic fuzzy right ideal(s) of L and intuitionistic 
fuzzy riglit ideal (s) of S. 



Again 



vx } {X} 
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So ^ D (yl"*" )+. Hence {A'^ )+ = A. Thus the said mapping is one-one. Now let 
B = {hb,vb)^ IFI{L){IFRI{S)). Then 

(Mb)"^ {[x,a\) = inf//+(xas) = inf [inf /xb([xqs, 7])] 

s6i sdb 7€i 



inf [inf/XB([a;,a][s,7])] > /XB([x,a]). 



Again 



(^b)^ ([x,Q!]) = supz/g (xas) = sup[sup^'B([a;Q;s, 7])] 
ses ses jer 

= sup[supi/B([x,Q!][s,7])] > UB{[x,a]). 
ses 7er 

So S C (5+)+'. Let [e, 5] be the left unity of L. Then 

l2B{[x,a]) = i^B{[x,a][e,6]) > inf [inf//B([x,a][s,7])] 

ses -yer 



{[x,a]). 



Again 



UB{[x,a]) = iyB{{x,a][e,6]) < sup[supz/B([a;, a][s, 7])] 

ses jer 



(^+)+ {[x,a]) 

So i? I) [B^)^ and hence B = [B^)^ . Consequently, the correspondence A 1— > A'^ 
is a bijection. Now let C = (iJ,c,^c),D = {^DiI^d) G IFI{S){IFRI{S)) be such that 
CCD, i.e.,fxc Q IJ-D and vq ^ i^d- Then for all [x,a\ G L, 



and 



/LtflJ ([a;, a]) = mliicixots) < ini/jLoixas) = ^jl^ {[x,q\) 
s&S s&S 



vt, ([x, a]) = supt'c(xas) > s\i\>U£,{xas) = f'^ {[x,a]). 

ses ses 



Thus C and ^ ■ Consequently, C+ C D+ . Hence A ^ A'^ is an 
inclusion preserving bijection. The rest of the proof follows from Remark 1. 

□ 

In a similar way by using Proposition 2.7 and Proposition 2.8 we can deduce the 
following theorem. 

Theorem 2.10. Let S he a T-semigroup with unities and R be its right operator semi- 
group. Then there exists an inclusion preserving bijection B ^ B* between the set of 
all IFI{S){IFLI{S)) and set of all IFI{R){resp. IFLI{R)), where B = {hb,vb) is 
anIFI{resp. IFLI{S)). 
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Now to apply the above theorem for giving a new proof of Theorem 4.6^ and its 
two sided ideal analogue we deduce the following lemmas. 

Lemma 2.11. Let I be a LI{R){I(R)) of a T-semigroup S and P = (xiyXi) where xi 
is the characteristic function of I. Then P* = (x/)X/)* = ((x/)*? (X/)*) = (X/*)X/*)- 

Proof. Suppose s € /*. Then [f3,s] € / for all /3 G P. This means inf (x/([/3, s])) = 1 

and sup(xj([/3, s])) = 0. Also xi*{s) = 1 ^iid xj*{s) = 0- Now suppose s ^ /*. 

per 

Then there exists 5 G F such that [S,s] ^ /. Hence X/(['^)'5]) = 0,x'i{[S,s]) = 1 and so 
inf(x/([/3,s])) = 0,sup(xK[/?,5])) = 1- Hence (xiTis) = and (xf)*(s) = 1- Again 

{Xi')is) = and ix%)is) = 1. Thus P* = (xi^X^iY = ((x/)*, (xf )*) = (x/*,xf*)- 

□ 

The following lemma follows in a similar way. 

Lemma 2.12. Let I he a RI{S){I{S)), P = {xi,xj) o-'^d R he the right operator 

semigroup of S. Then P* = (x/,X/)* = iixi)* ,ixj)* ) = iXi*' ,X'j,'), where xi is the 
characteristic function of I. 

Remark 2. By drawing an analogy we deduce results similar to the above lemmas for 
left operator semigroup L of the F-semigroup S,i.e., for the functions + and +' . 

Now we present a new proof of the following result which is originally due to Dutta 
and Adhikari[2]. 

Theorem 2.13. \^Let S he a T-semigroup with unities. Then there exists an inclusion 
preserving hijection hetween the set of all I{S){LI{S)) and that of its right operator 

semigroup R via the mapping I ^ I* . 

Proof. Let us denote the mapping I ^ I* by (p. This is actually a mapping follows 
from Proposition 2.8. Now let (p{Ii) = (t>{l2)- Then = /| . This implies that 
(Xr*')X'r ') = (Xr*';X'r*')('^^6re XI is the characteristic function /). Hence by Lemma 

-'i ^2 I2 

2.12, (x/i,X/i)* = (X/21X/2)* • This together with Theorem 2.10, gives (x/i,X/i) = 
{Xi2->X%) whence Ii = 12- Consequently (p is one-one. Let / be a I{R){LI{R)). Then 

(X/,X/) is an IFI{R){IFLI{R)). Hence by Theorem 2.10, ((x/,xf)*)*' = (x/,X/)- 
This implies that (Xj-^.-j,' ; X^^ ) ''^ ~ ^^^'-^^-^ ' I^^^^a 2.11 and Lemma 2.12). 

Hence (/*)*' = I, i.e., <j){r) = L Now since /* is a /(5)(L/(S))(c/. Proposition 2.3), 
it follows that (j) is onto. Let Ii,l2 be two I{S){LI{S)) with Ii Then Xh ^ X/2 and 

X/i 5 X/2- Hence by Theorem 2.10, we see that (x/J* ^ (xh)* and (x/J* 5 {x%T 
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Remark 3. Now by using a similar argument as above and with the help of lemmas 
dual to the lemmas 2.11, 2.12(c/. Remark 2) and Theorem 2.9 we deduce that the 

mapping ()"*" is an inclusion preserving bijection(with O"*" as the inverse) between the 
set of all I{S){RI{S)) and that of its left operator semigroup L. 

In what follows S denotes a F-semigroup not necessarily with unities, L, Rhe its 
left and right operator semigroups respectively. 

Proposition 2.14. Let S be a T -semigroup and R he its right operator semigroup. 
IfP is PI{R){SPI{R)Jthen P* is PI{S){SPI{S)). 

Proposition 2.15. [21 Let S be a T -semigroup and R be its right operator semigroup. 
IfQ is PI{S)iSPI{S)) then Q* is PI{R){SPI{R)). 

Proposition 2.16. If A = {fiA,i^A) G IFPI{R){IFSPI{R)), then A* = ifJ-^f^) G 
IFPI{S){resp. IFSPI{S)). 

Proof. Let A = {fj,A, va) G IFPI{R). Then it is in IFI{R). Hence by Proposition 2.7, 
A* = G IFI{S). Since A = (/iA,i^A) G IFPI{R), so U{iiA;t) and L{^iA\t) 

are PI{R). Now by Proposition 2.14, for all t G [0,1], [U{^XA]t)]* and [L{vA]t)Y are 
PI{S). By Proposition 2.5, [U{ijLA]t)]* = U{ifiAT;t) and [L{iyA]t)]* = L{{iyA)*;t). So 
U{{nAT;t) and L{{uAT;t) are PI{S). Hence A* = G IFPI{S). Similarly we 

can prove the other case also. □ 

In a similar fashion by using Propositions 2.6,2.8 and Theorem 3.9[7j, 3.10[7j we 
deduce the following proposition. 

Proposition 2.17. If B = {^ib,vb) G IFPI{S){IFSPI{S)), then B* = G 
IFPI{R). 

Remark 4. We can also deduce the following left operator analogues of Propositions 
2.14-2.17. 

The following theorem is on the inclusion preserving bijection between the set of 
all IFPI{S) and the set of all IFPI{R). It may be noted that S need not have unities 
here which was the case for the set of all IFI{cf. Theorems 2.9, 2.10). 

Theorem 2.18. Let S be a T-semigroup and R be its right operator semigroup. Then 

/ It 

there exist an inclusion preserving bijection B = {^b^t^b) ^ B* = (Hb^'^b) between 
the set of all IFPI{S){IFSPI{S)) and set of all IFPI{R){resp. IFSPI{R)). 

Proof Let B = {nB, J^b) G IFPI{R) and x e S. Then 

()U^)*(x) = inf^^([7,a;]) = inf inf ^b(s7x) > ^B(x)(since B € IFI{S)). 



PI(R) ,PI{S), SPI{R) , SPI{S) , IFPI{R) , IFPI{S) , IFSPI{R) , IFSPI{S) respectively denote 
prime ideal(s) of R, prime ideal(s) of S, semiprime ideal(s) of R, semiprime ideal(s) of S, intuitionistic 
fuzzy prime ideal(s) of -R, intuitionistic fuzzy prime ideal(s) of S, intuitionistic fuzzy semiprime ideal(s) 
of R, intuitionistic fuzzy semiprime ideal(s) of S. 
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Again for x E S, = inf inf /hb(s7x) = ini ini ij,b{s^x) 

= inf max{/xs(s), ^B(a;)}(smce B G IFPI{S)) 
< max{/iB(a::),MB(a;)} = fJ^Bix). 

I 

Hence (/Ltg)*(x) = iJiB{x). Also 

= supz^^ ([7, x]) = supsup/i_B(s7x) < 1''_b(x) (since B G IFI{S)). 
-yer -yer ses 

Again for x E S, {v*^ )*{x) = supsupz/B(s7a^) = supsupz/B(s7a^) 

= sup min{z/5(s), z^B(x)}(since B G IFPI{S)) 
> min{z/s(a;), 1^5(0;)} = i^six). 

Hence (z/^)*(x) = vsix)- Consequently, {B* )* = B. Hence the mapping is one-one. 
Now let [a, x] G R. Then 

(y^ij)* = Mu%{sax) = inf inf ^ij([/3, sax]) 

= inf inf//B([^,s][a,x]) > /xs([a,x]) (*i). 

Also, (z^^)* ([q;,x]) = supi^^(sax) = supsup^'B([/9, sax]) 

= supsupz/s([/3,s][a,x]) <i'B{[a,x]) (**i)- 

se5/3er 

Since B = {^b-,i^b) G IFPI{R), for all a,/3 G T, for all x,s G S". ;UB([a5 a;][/3, s]) = 
max{fiB{[a,x]),fiB{[l3,s])} and z/B([a, x] s]) = min{z>B([a, x]), z/b([/3, s])}Vs G S',V/3 
G r. Hence for s = x and f3 = awe obtain /iB([a, x] [/3, s]) = /[/^([a, x]) and z^_B([ck) s]) 
= i^Biif^ix]). This together with the relations {^i*b)* {[ct^x]) = inf inf /^^([a, x] [/3, s]) 

and {u*^)* ([a,x]) = supsup^'B([a,x][/3,s]) give ([a,x]) < /iB([a,x]) (^2) 

se5/3er 

/ / 

and {v*^)* ([a,x]) > VB{[a,x\) (**2). By (*i) and (=1=2) we obtain {ji*^)* ([a,x]) = 

/XB([a, x]) and by (**i) and (**2) we have {i'*b)* {[ot-ix]) = i'B{[a,x\). Consequently, 
(S*)* = B. Hence the mapping is onto. Inclusion preserving property is similar as in 
Theorem 2.9. Hence B ^ B* is an inclusion preserving bijection. □ 

Remark 5. {i) Similar results hold for IFSPI{S). {ii) Similar result holds for the 
F-semigroup S and the left operator semigroup L of S. 

Corollary 2.19. Let 5 be a F-semigroup and R,L be respectively its right and left 

operator semigroups. Then there exists an inclusion preserving bijection between the 
set of ah IFPI{R){IFSPI{R)) and the set of ah IFPI{L){IFSPI{L)). 
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Remark 6. In view of Theorem 2.18, we see that in a T-semigroup S with unities the 
above result also holds for IFI. 

Now we revisit the following theorem which is originally due to Dutta and Adhikari[2] 
via intutionistic fuzzy ideals by using Theorem 2.18 and applying similar argument as 
applied in Theorem 2.13. 

Theorem 2.20. Let S be a T-semigroup. Then there exists an inclusion preserving 
bijection between the set of all PI{S){SPI{S)) and that of its right operator semigroup 

R via the mapping I ^ I* . 

The definition of an ifeI < X, A > of an IFS, A = {fiAi ^a) is given in [7]. Now 
by routine verification we obtain the following two propositions. 

Proposition 2.21. Let S be a commutative T-semigroup and L{R) the left(respectively 
the right) operator semigroups of S. Let A = (ha, ^a) be an IFLI{S){IFRI{S), IFI{S)) 
then < x,A+' > {respectively < x,A*' >) is an IFLI{L{R)){IFRI{L{R)),IFI[L{R))) 
for all X € L{R). 

Proposition 2.22. [With same notation as in the above proposition) If B = {^b^i^b) 
is an IFLI{L{R)){IFRI{L{R)),IFI{L{R))) then <x,B+ > {respectively < x,B* >) 
is an IFLI{S){IFRI{S),IFI{S)) for all x e S. 

Now we deduce the following two lemmas on the relationships between a T-semigroup 
and its operator semigroups in terms of IFE. 

Lemma 2.23. Let A = {^a^^a) be an IFS{S) where S is commutative. Then for all 
xeS, 

(1) < x,A>*'c< [a,x],A*' > Va G r. 

(2) < x,A>* = {< X, fiA>* ,< X, VA >* ) 

= (inf < [a, x]^fi\ >, sup < [a, x]^u\ >). 

Proof (1) Let [/3,yl G R. Then < x,fiA >* {[/3,y]) = inf < x,^a > (sPy) = inf inf 

se5 sg57er 

liA{x-fs(3y) = inf inf fiAix-ys/Sy). Again < [a,x],fi*^ > {[/3,y]) = fi*^{[a, x][(3,y]) = 
f 

([a, x/3y]) = inf fj,*, [sax I3y) = inf ;U*,(j;as/3y) (using the commutativity of S). Since 

s&S sGS 

inf inf /i^(x7s/3y) < inf /i^(xas/3y), we obtain < x^^a >* ([/3>y]) << > 
7erse5 s&s 

By similar argument we can show that < x^va >* ^< [0)3;],z/^ > 

Hence <x,A>* C< \a,x\,A*- > Va G L. 



IFE denote an intuitionsitic fuzzy extension. 
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(2) Let [/3,y] G R. Then inf < [a,x],fx*^ > ([/3,y]) = inf fx\{[a, x][^,y]) = inf 
[i\(\a,x^y\) = inf inf fi\{sax/3y) = inf < x,fiA > {sfSy) =< x,fiA >* {W,y])- 

/ I 

By applying similar argument we obtain sup < [q,x],z^^ > ([/3,y]) =< x^ua >* 
Hence < x,A>* = {< >* ,< x,va >* ) = (inf < [a,x\,^\ >,sup < 

[a,x\,v\ >). □ 

Lemma 2.24. If B = {iib,i^b) is an IFS{R) then for all x e S, < [f3,x],B >*D< 
x,B* > V/3 e r. 

Proof Let p e S. Then < [/3,x],/iB >* {p) = inf < [l3,x],fiB > {h,p]) = inf 

fJ'B{[l3,x][j,p]) = inf fiB{[l3,xjp]). Again < > (p) = inf p*b{x-ip) = inf inf 

7ei 7^1 7Gr/i<Gr 

^b([/3,x7p]) = inf inf ^b([/3, X7p]). Since inf ^b([/3,x7p]) > inf inf ^b([/3, X7p]), we 
/3Gr7Gr 7Gr /3Gr7Gr 

have < [/3,x],/iB >* (p) >< x,^^ > (p). Similarly we can show that < [j3,x\,VB >* 

{p) << x,v% > (p). Hence < [l3,x],B >*D< x,^* > V/3 G L. □ 

Lemma 2.25. iei / be an I{S). Then ((/i/)*' , (i//)*' ) = (^^,1^^). 

Proo/. Let [/3,y] G R. Then (/i,)*' ([/3, y]) = inf isj{s/3y) and (z./)*' ([/3, y]) = sup 

SG5 

i'i{sf3y). Suppose [f3,y] G /* . Then sf3y G / for all s G 5. Hence ^i{sj3y) = 1 and 
vi{sfiy) = for all s G 5 which implies that inf ^i{sj3y) = 1 and sup i'j{s/3y) = 

sG'^ sG5 

whence (fn)*' {[(3,y]) = 1 and (ui)*' {[p,y]) = 0. Also /i^.' ([/?, y]) = 1 and u^AW^v]) = 

0. If [13, y] ^ r then (^^^/ )([/3, y]) = 0, (z^^./ y]) = 1 and there exists s G S" such 

that sfiy ^ /. Hence fij{s/3y) = and i'j{sf3y) = 1 whence ([/3,y]) = and 

(i//)*'([/3,y]) = L Consequently, {{fij)*' , (lyj)*' ) = {i^^j^u^j). □ 

Lemma 2.26. g] Lei {Aa}aG/ a family of I{S). Then ( f] ^a)*' = fl (^a)*'- 

aG/ aG/ 

Lemma 2.27. Xei S he a V -semigroup, R he its right operator semigroup and = 

{lJ'Aii'^Ai)i£i be a family of IFS{S) such that A = (hai'^a) ■= inf Ai = (inf HAi, sup 

iG/ lei i(zi 

uaJ. Then A*' := ((/i^)*' , (z^a)*' ) = inf {Ai)*' = (inf (/iAj*',sup {uaJ*'). 

lei lei i(zj 

Proof. Let [a,x\ G R. Then {^a)* {[(^-.x]) = (inf /UyiJ* ([a,x]) = inf inf ^Aiisotx) = inf 

iG/ sGS iG/ iG/ 

inf ^Ai{sax) = inf (^aJ* ([a,x]). Similarly we can show that {va)* {[ot-,x\) = sup 

sG5 i&I i^i 

(z^aJ*' ([a, x]). Hence A* = inf (^i)*' . □ 

iG/ 
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Proposition 2.28. Let S be a commutative T-semigroup with unities and A = {fiA, t^a) 
he an IFI{S). Then <x,A >:= (< x,^a >■,< x,va >) is an IFI{S) for all x € S. 

Proof. Let R be the right operator semigroup of a F-semigroup S. Since S is commu- 
tative, R is also commutative. By Proposition 2.8, A* = is an IFI[R). Let 

X E S. Then for any a G F, < [a,3;],j4* >= (< [a,x\,^\ >,< [a,2;],z^^ >) is an 
IFI{R){cf. Proposition 3.2[6j) and hence (inf < [a,x],/i^ >,sup < [a,x],z^^ >) is an 

IFI{R). So by Lemma 2.23(2), (< x,^a >*',< x,va >*' ) =< x,A >*' is an IFI{R). 
Consequently, (< x,^ >* )* is an IFI{S){cf . Proposition 2.7). Hence < x,^ > is an 
IFI{S){cf. Theorem 2.10). □ 

Now by applying Proposition 2.17, Remark 5(i) we obtain the following proposition. 

Proposition 2.29. Let S he a commutative T-semigroup and A = {^a^t^a) be an 
LFSPL{S). Then <x,A>= (< x,^a >, < x,va >) is an LFSPL{S) for all x £ S. 

Proposition 2.30. Let S be a T-semigroup, {Ai}i^j = [^Ai^i^Ai)i<^i a non-empty 
family of IFSPL{S) and let A = {^Ai^a) = inf Ai = (inf //A^,sup VAi)- Then for any 

X e S,<x,A> is an LFSPL{S). 

Proof. Let R be the right operator semigroup of S. Since S is commutative, R is also 
commutative. Now {A* = (/u^,, i/^.)jg/ is a non-empty family of IFSPI{R){cf. 

Proposition 2.17). Hence inf ^* is an IFSPI{R). Thus by Lemma 2.27, A* is an 

/ I I 

IFSPL{R). Then for any[Q,x] € i?, < [a, x],^* >= (< [a,x],fj,\ >,< [a,x],z^^ >) is 

an /F5PI(i?)(c/. Proposition 2.11 [6j) and hence (inf < [a,x],/i^ >,sup< [a,x],^'^ > 

/ / / 

) is an LFSPL{R). So by Lemma 2.23(2), (< x, ij.a>* ,< x, ua >* ) =< x, A >* is an 

LFSPL{R). Consequently, (< x,A >* )* is an IFSPI{S){cf. Proposition 2.16). Hence 
< x,j4 > is an IFSPI{S){cf. Proposition 2.17 and Remark 5(i)) □ 

Theorem 2.31. Let S be a commutative T-semigroup, {Si}i be a non-empty family of 
SPL{S), A:= f]Siy^(l)andM = {ha, I^a) ■ Then <x,M > is an IFSPI{S) for all 

xeS. 

Proof Since G /, Si is a SPL{S), S*' is a SPL{R), V« G /. Now A := ClSi. Then 

A*' ={f]Siy' = r\S*'{cf. Lemma 2.27) / 0. So by Corollary 3.12[6j, < [a,x],M >= 

(< [Q,x],/iA >,< [o:,x],fi'^ >) is an LFSPL{R), Va G F. This implies that (inf < 

[a, x],fj,A >, sup < [a, x], /i^ >) is an LFSPL{R),i.e., (< [a, x], fiA >* , < [a, 2;], /i^ >* 
aGr 

) =< x,M >*' is an IFSPI{R). Hence (< x,M >*')* is an IFSPI{S). Consequently, 
by Theorem 2.18, < x, M > is an LFSPL{S). □ 
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To conclude the paper we obtain the following characterization of a prime ideal of 
a F-semigroup S in terms of intutionistic fuzzy ideal extension. 

Theorem 2.32. Let S be a T-semigroup, P be an I{S) and M = {fip,fip) where fj,p is 
the characteristic function of P. Then P is PI{S) if and only if for x (z S with x ^ P, 

< x,M >= M. 

Proof Let P be a PI{S) and x ^ P. Then P*' is a PI{R){cf. Proposition 2.15). 

Also ^ P* for some a G F. Then by Corollary 3.15[6j, < [a,x],M* >= 

/ / / / / / 

M* i.e.,{< [a,x],fi*p >,< [a,x],(^p)* >= ((/xp)* ,{fip)* ) = M* . Now by Lemma 
2.12, (< [a,x],/Up >,< [a,x],{fip)* >) = {fip,fip)* . Hence (< [a,x],M* >)* = (< 
[a,x],fi*p >,< [a,x],{fi'py' >y = {{fip,fi'py'y = (mp,^^) = M. By Lemma 2.23(1), 

< x,M >* C< [a,x],M* > Va e r. So (< x,M >* )* C M. Consequently by The- 
orem 2.10, < x,M >C M. Again by Proposition 5.5(1)[7], we have M C< x,M > . 
Hence <x,M >= M. 

Conversely, suppose < z,AI >= M for all z G withz ^ P. Let xTy C P where 
x,y € S. Then fip{x'yy) = 1 and lJ^p{xjy) = OV7 G F. Let x ^ P. Then by hypothesis 

< x,M >= M. This gives < x,fj,p > {y) = fJ-p{y) and < x,fip > {y) = Hp{y)- Then 
inf fip{x^y) = /Up(y) and sup fip{x^y) = fJ-p^y) which implies that Hp{y) = 1 and 

fj-piy) = whence y G P. Hence P is a PI(S). □ 
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